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A |A| A =
{a1, a2, . . . , an} A

|A| = ∞

A B

A ∪ B = {a | a ∈ A ∨ a ∈ B}

A ∩ B = {a | a ∈ A ∧ a ∈ B}

A \ B = {a | a ∈ A ∧ a /∈ B}

A × B = {(a, b) | a ∈ A, b ∈ B}

A(⊆ E) AC = E \ A E

A B A ∩ B = ∅

A1, A2, . . . , An

A1, A2, . . . , An

|A1 ∪ A2 ∪ · · · ∪ An| = |
n⋃

i=1

Ai| =
n∑

i=1

|Ai|.

|A1 × A2 × · · ·× An| =
n∏

i=1

|Ai|.

|A1 ∪A2| = |A1|+ |A2| |A1 ×
A2| = |A1||A2|

∀i ,= j
Ai ∩ Aj = ∅

A A × A A2

A0 = ∅ A1 = A k ≥ 0 Ak

A k



X = {a1, a2, . . . , an}
X X a2a6a1a2

k X |X|k

α : X → X X = {a1, a2, . . . , an}
n

Sn

α =
(

1 2 · · · n
i1 i2 · · · in

)
,

α(aj) = aij 1 ≤ j ≤ n

X = {1, 2, · · · , 4}

α =
(

1 2 3 4
2 1 3 4

)
α α =

(12)(3)(4)(= (12))
n

n n(n − 1) · · · 1 = n!
|Sn| = n!

n
k

A n A k
A k n k

C(n, k)
A k A k n

k P (n, k)

k
k

P (n, k) =
n!

(n − k)!
C(n, k) =

n!
(n − k)!k!

(=
(

n

k

)
)



A = {a1, a2, . . . , an} k
k

n (n − 1) k (n − k + 1)

P (n, k) = n(n − 1)(n − 2) · · · (n − k + 1) =
n!

(n − k)!
.

k k!

C(n, k) =
P (n, k)

k!
=

n!
(n − k)!k!

.

n!
(n − k)!k!

=
(

n

k

)
n ∈ N 0 ≤ k ≤ n

n k

k < 0 k > n

(
n

k

)
= 0

k n − k

C(n, k) =
(

n

k

)
=

(
n

n − k

)
= C(n, n − k)

|Sn| = P (n, n) = n!

C(10, 2) =
10!
8!2!

= 45

P (10, 8)

n m
k "

{1, 1, 2, 4, 3, 2}

A n B
A k |B| = k B A

n k CT (n, k)
k A A k
n k

PT (n, k)



PT (n, k) = nk CT (n, k) =
(

n + k − 1
k

)

A k Ak

k PT (n, k) = |Ak| =
nk

A = {a1, a2, . . . , an} B A k B
x1 a1 x2 a2 xn an

x1 + x2 + · · · + xn = k.

CT (n, k)
xi ≥ 0 1 ≤ i ≤ n

k n
11 · · · 1︸ ︷︷ ︸

k

n−1 | 1||1|1| n = 5

k = 3 k 1 n n+k−1 k
n−1 k

k n + k − 1
k

n + k − 1 k(
n + k − 1

k

)

x1 + x2 + · · · + xn = k

xi ≥ 0
(

n + k − 1
k

)

x1 + x2 + x3 + x4 + x5 = 3
(

5 + 3 − 1
3

)
=

(
7
3

)
= 35

x1 + x2 + x3 + x4 = 10
∀i xi > 0 x1 ≥ 2 x2 ≥ 1 x3 ≥ 4

x4 ≥ 0

A
A1, A2, . . . , Ak A

∀i ,= j : Ai ∩ Aj = ∅
k⋃

i=1

Ai = A.



(
n

r1, r2, . . . , rm

)

n m
r1 r2 . . . rm

r1 + r2 + · · · + rm = n

{1, 2} A1 = {1}
A2 = {2} A1 = {2} A2 = {1}

ri = 0
(

n

r1, r2, . . . , rm

)
=

n!
r1!r2! · · · rm!

n r1

(
n

r1

)
n−r1 r2

(
n − r1

r2

)

(
n

r1, r2, . . . , rm

)
=

(
n

r1

)(
n − r1

r2

)
· · ·

(
n − r1 − · · ·− rm−1

rm

)

=
n!

r1!r2! · · · rm!
.

{a, b, c}
a b c

(
9

2, 3, 4

)
= 1260.

(x1 + x2 + · · · + xm)n =
∑

r1+r2+···+rm=n

(
n

r1, r2, . . . , rm

)
xr1

1 xr2
2 · · · xrm

m .



(
n

k

)
=

(
n

n − k

)
,

(
n

k

)
=

(
n − 1
k − 1

)
+
(

n − 1
k

)

n = 0
n = 1
n = 2
n = 3
n = 4
n = 5
n = 6
n = 7

(
n

0

)
+
(

n + 1
1

)
+
(

n + 2
2

)
+ · · · +

(
n + k

k

)
=

(
n + k + 1

k

)
.

(
n + k + 1

k

)
(n + k + 1)

{1, 2, . . . , n + k + 1} k

(
n + k

k

)

(
n + k − 1

k − 1

)

(
n + k − 2

k − 2

)

(
n

k

)(
k

r

)
=

(
n

r

)(
n − r

k − r

)

(
n + m

k

)
=

(
n

0

)(
m

k

)
+
(

n

1

)(
m

k − 1

)
+ · · · +

(
n

k

)(
m

0

)
.



n m

k

(
n

i

)(
m

k − i

)

i k − i
(

m

0

)(
n

0

)
+
(

m

1

)(
n

1

)
+ · · · +

(
m

n

)(
n

n

)
=

(
m + n

n

)
.

(
m + n

n

)
n m

n k
n− k n n− k

k k n− k(
m

k

)(
n

k

)

n∑

i=0

(
n

i

)2

=
(

n

0

)2

+
(

n

1

)2

+ · · · +
(

n

n

)2

=
(

2n
n

)
.

m = n

(x + y)n =
n∑

i=0

(
n

i

)
xiyn−i.

n∑

i=0

(
n

i

)
=

(
n

0

)
+
(

n

1

)
+
(

n

2

)
+ · · · +

(
n

n

)
= 2n.

x = y = 1
n∑

i=0

(−1)i
(

n

i

)
=

(
n

0

)
−
(

n

1

)
+
(

n

2

)
−+ · · ·+ (−1)n

(
n

n

)
= 0.

y = 1 x = −1
n∑

i=1

i

(
n

i

)
=

(
n

1

)
+ 2

(
n

2

)
+ · · · + n

(
n

n

)
= n2n−1.

y = 1 x

n(x + 1)n−1 =
n∑

i=1

i

(
n

i

)
xi−1.

x = 1



n∑

i=1

(−1)i−1i

(
n

i

)
=

(
n

1

)
− 2

(
n

2

)
+− · · ·+(−1)n−1n

(
n

n

)
= 0.

x = −1

x

(
39
7

)

1(39
7

) ≈ 6, 5 · 10−8.

(
7
6

)(
32
1

)
= 224

224(39
7

) ≈ 1, 5 · 10−5.

(
7
6

)(
3
1

)
= 21

21(39
7

) ≈ 1, 4 · 10−6.

(
7
5

)(
3
1

)(
29
1

)
= 1827

1827(39
7

) ≈ 1, 19 · 10−4.

(
7
5

)(
3
1

)(
29
1

)
+
(

7
5

)(
3
2

)(
29
0

)
=



1890

1890(39
7

) ≈ 1, 22 · 10−4.

PT (3, 13) = 313

1
313

≈ 6, 3 · 10−7.

1
C(13, 1) ·PT (2, 1) = 13·2 =

26 C(13, 2) · PT (2, 2) =
(

13
2

)
· 22 = 312

C(13, 3) · PT (3, 3) =
(

13
3

)
· 23 = 2288

1 + 26 + 312 + 2288 = 2627

2627
313

≈ 0, 0016.

(
13

9, 2, 2

)
=

13!
9!2!2!

= 4290.

{0, 1}n n C ⊆
{0, 1}n C n

Fn
2 {0, 1}n F2

{0, 1}
Fn

2 n



F2

Fn
3

v = (a1, a2, . . . , an) = a1a2 . . . an

ai ∈ {0, 1}

u = u1u2 . . . un

w(u) = | {i | ui = 1} |,

u = u1u2 . . . un v = v1v2 . . . vn

d(u,v) = | {i | ui ,= vi} |.

u + v = a1a2 . . . an, ai = ui + vi,

(u − v = a1a2 . . . an, ai = ui − vi).

d(u,v) = w(u − v).

u = 010011 v = 010110 w(u) = 3 u−v =
000101 d(u,v) = 2

r n
r n

| {c ∈ Fn
2 | w(c) = r} | = C(n, r) =

(
n

r

)

| {c ∈ Fn
2 | w(c) ≤ r} | =

r∑

i=0

(
n

i

)
.

a n e ∈ N
a e

B(a, e) = {x ∈ Fn
2 | d(a,x) ≤ e} .

e

Be = |B(a, e)| =
e∑

i=0

(
n

i

)
.



m m
c1c2 . . .

c
v(∈ Fn

2 ) c + v
m′

c + vm m′c

m m′ C ⊆ Fn
2 e

w(v) ≤ e
e C

e

∀a,b ∈ C : a ,= b =⇒ B(a, e) ∩ B(b, e) = ∅.

C ⊆ Fn
2

d(C) = min {d(u,v) | u,v ∈ C, u ,= v} .

C e d(C) ≥ 2e + 1

n
d

C ⊆ Fn
2 d = 2e + 1

|C| ≤ 2n

∑e
i=0

(n
i

) .

|C| · Be ≤ |Fn
2 | = 2n,

C



27

1 + 7 + 21 + 35
= 2.

{0000000, 1111111}

C ⊆ Fn
2 Fn

2

C ⊆ Fn
2

u,v ∈ C u+v ∈ C 0 ∈ C

d(C) = min {w(c) | c ∈ C \ {0}} .

C B = {c1, c2, . . . , ck} k =
dim C C

|C| = 2k.

C

G =





c1

c2

ck




∈ Fk×n

2 .

c ∈ C ⇐⇒ ∃u ∈ Fk
2 : uG = c.

G G =
(
Ik P

)

P k × (n − k)
C H ∈ F(n−k)×n

2

c ∈ C ⇐⇒ cHT = 0,

HT H

H =
(
P T In−k

)
,

C H r(H) = n − k
H C

|C| = 2n−r(H) = (2n−(n−k) = 2k).

H7 =
{
c ∈ F7

2 | cHT = 0
}

,



H =




0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1



 .



n n

n n + 1

n nm
m

{1, 2, . . . , 2n} n+1

A = {a1, a2, . . . , an+1} n+1
ai

ai = ki · 2!i ,

ki ai ai

1, 3, 5, · · · , 2n− 1
n ai ki n

ai n+1
ai1 ai2

2!i1−!i2

A B |A| = n > r = |B|
f f : A → B

b ∈ B |f−1(b)| ≥
⌈n

r

⌉



n u = u1, u2, . . . , un ui ∈ R
u k ui1 , ui2 , . . . uik i1 < i2 < · · · < ik

ui1 < ui2 < · · · < uik

ui1 > ui2 > · · · > uik .

m, n > 0
u1, u2, . . . , umn+1 (m + 1) (n + 1)

ti ui

ti ≥ m + 1
ti < m + 1 1 ≤ i ≤ mn + 1 ti

{1, 2, . . . ,m} mn + 1
n + 1 i 1, . . . ,mn + 1

ti

ui1 , ui2 , . . . , uin+1 , i1 < i2 < · · · < in+1.

uij uij+1

uij > uij+1 uij

uij+1

(n + 1)

mn
(m + 1) (n + 1)

m = n = 4

4, 3, 2, 1, 8, 7, 6, 5, 12, 11, 10, 9, 16, 15, 14, 13

A B R ⊆ A × B
(a, b) ∈ R a b R αa

a a ∈ A B βb

b b ∈ B A

∑

a∈A

αa = |R| =
∑

b∈B

βb



1 + 2 + · · · + n =
n(n + 1)

2

R = {(x, y) | x < y} ⊆ {1, 2, . . . , n + 1}2

A = {a1, a2, · · · , am} B = {b1, b2, . . . , bn} R ⊆ A × B
m × n MR

(i, j) =

{
1, (ai, bj) ∈ R,

0, .

MR

An = {1, 2, . . . , n} R = {(i, j) | i|j} ⊆ An ×
An i|j i j
MR n = 8





1 1 1 1 1 1 1 1
0 1 0 1 0 1 0 1
0 0 1 0 0 1 0 0
0 0 0 1 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1





.

t(i) i i
t(i) = 2 i = 2k t(i) = k + 1 t

t An t̄(n)

t̄(n) =
1
n

n∑

i=1

t(i).

t̄(n) MR

n

i 1i, 2i, 3i, . . . ,
⌊n

i

⌋
i



⌊n

i

⌋

t̄(n) =
1
n

n∑

i=1

⌊n

i

⌋
=

1
n

n∑

i=1

(n

i
− ci

)
,

0 ≤ ci < 1 i ∈ {1, 2, . . . , n}
n

t̄(n) =
1
n

n∑

i=1

n

i
− c =

n∑

i=1

1
i
− c = Hn − c,

0 ≤ c < 1
Hn

ln n +
1
n

< Hn < ln n + 1,

ln n +
1
n
− c < t̄(n) < ln n + 1 − c,

ln n − 1 < t̄(n) < ln n + 1,

t̄(n) ln n

lim
n→∞

t̄(n)
ln n

= 1.

t̄(n) ∼ ln n

|A1 ∪ A2 ∪ · · · ∪ An| = |A1| + |A2| + · · · + |An|,

Ai

|A ∪ B| = |A| + |B|− |A ∩ B|.



Ai 1 ≤ i ≤ n

S1 = |A1| + |A2| + · · · |An|,

S2 = |A1 ∩ A2| + |A1 ∩ A3| + · · · =
∑

i<j

|Ai ∩ Aj|,

S3 = |A1 ∩ A2 ∩ A3| + · · · =
∑

i1<i2<i3

|Ai1 ∩ Ai2 ∩ Ai3 |,

Sn = |A1 ∩ A2 ∩ · · · ∩ An|.

|A1 ∪ A2 ∪ · · · ∪ An| = S1 − S2 + S3 − + · · · (−1)n−1Sn.

A1 ∪ A2 ∪ · · · ∪ An

x

m Ai S1 x C(m, 1) =
(

m

1

)

S2 C(m, 2) =
(

m

2

)
Si x

(−1)i−1C(m, i) = (−1)i−1

(
m

i

)
x

n∑

i=1

(−1)i−1

(
m

i

)
=

m∑

i=1

(−1)i−1

(
m

i

)
= 1 −

(
m

0

)
+

m∑

i=1

(−1)i−1

(
m

i

)

= 1 −
m∑

i=0

(−1)i
(

m

i

)
= 1,

|X| = N Ai ⊆ X 1 ≤ i ≤ n

|X \ (A1 ∪ A2 ∪ · · · ∪ An)| = N − S1 + S2 − + · · · + (−1)nSn.

{a, b, c}

38 = 6561
X k Xk A1 = {a, b}8 A2 =
{a, c}8 A3 = {b, c}8

S1 = |A1|+|A2|+|A3| =
3 · 28 = 768 S2 = |A1 ∩ A2| + |A1 ∩ A3| +
|A2 ∩A3| = 3

38 − 3 · 28 + 3 = 5796.



n n

Dn n

Sn = {π | π : {1, 2, . . . , n} → {1, 2, . . . , n} , π } .

Dn π i ∈ {1, 2, . . . , n}
π(i) ,= i

Ai = {π ∈ Sn | π(i) = i} ,

i ∈ {1, 2, . . . , n}
Sr

r
r r(
n

r

)
(n − r)!

Sr =
(

n

r

)
(n − r)! =

n!
r!

.

n!
1!

− n!
2!

+ − · · · + (−1)n−1 n!
n!

= n!
( n∑

i=1

(−1)i−1 1
i!

)

Dn = |Sn|− n!
( n∑

i=1

(−1)i−1

i!

)
= n!

( n∑

i=0

(−1)i

i!

)
.



ϕ : N → N n ∈ N n ≥ 2

ϕ(n) = | {x ∈ N | 1 ≤ x ≤ n, syt(x, n) = 1} |.

n
n

n
n

n = pe1
1 pe2

2 · · · pek
k ,

pi

d = pf1
1 pf2

2 · · · pfk
k

n fi ≤ ei 1 ≤ i ≤ k ϕ(n)

ϕ(n) = n
(
1 − 1

p1

)(
1 − 1

p2

)
· · ·

(
1 − 1

pk

)

Aj =
{

ipj | 1 ≤ i ≤ n

pj

}
1 ≤ j ≤ k

ϕ(n) = n − |A1 ∪ A2 ∪ · · · ∪ Ak| = n − S1 + S2 − + · · · + (−1)kSk,

Sj

Aj1 ∩ Aj2 ∩ · · · ∩ Aj!

P = pj1pj2 · · · pj! {1, 2, . . . , n}

|Aj1 ∩ Aj2 ∩ · · · ∩ Aj! | =
n

P
= n · 1

pj1

1
pj2

· · · 1
pj!

ϕ(n) =n − n
( 1

p1
+

1
p2

+ · · · + 1
pk

)
+ n

( 1
p1p2

+
1

p1p3
+ · · ·

)
− +

· · · + (−1)kn · 1
p1p2 · · · pk

=n
(
1 − 1

p1

)(
1 − 1

p2

)
· · ·

(
1 − 1

pk

)
.



60 = 22 · 3 · 5

ϕ(60) = 60
(
1 − 1

2

)(
1 − 1

3

)(
1 − 1

5

)
= 60 · 1

2
· 2
3
· 4
5

= 16.

µ(d) =






1, d = 1,
(−1)k, d k ,

0, "2|d, " > 1).

µ(15) = (−1)2 = 1 µ(30) = (−1)3 = −1
µ(60) = 0

ϕ(n) =
∑

d|n

µ(d)
n

d
.

(−1)!n · 1
pj1

1
pj2

· · · 1
pj!

= (−1)!
n

d
,

d = pj1 · · · pj! " (−1)!

µ(d) n

∑

d|n

µ(d) =

{
1, n = 1,
0, n ≥ 2.

n = 1
n ≥ 2 n = pe1

1 pe2
2 · · · pek

k pi

d|n d = pf1
1 pf2

2 · · · pfk
k fi ≤ ei 1 ≤ i ≤ k

µ(d) ,= 0 fi d

{p1, p2, . . . , pk} " C(k, ") =
(

k

"

)

" d µ(d) = (−1)!

∑

d|n

µ(d) =
k∑

i=0

(−1)i
(

k

i

)
= 0.



g : N → C f

f(n) =
∑

d|n

g(d),

g(n) =
∑

d|n

µ(d)f
(n

d

)
.

∑

d|n

µ(d)f
(n

d

)
=

∑

d|n

µ
(n

d

)
f(d) =

∑

d|n

µ
(n

d

)∑

d′|d

g(d′)

=
∑

d|n

∑

d′|d

µ
(n

d

)
g(d′) =

∑

d′|n

g(d′)
∑

m| n
d′

µ(m) = g(n),

d′ ,= n

X X∗ X
X∗

X = {a, b}
aba · bba = ababba ε X∗

w ∈ X∗ |w| |ε| = 0

u ∈ X∗ k uk

u0 = ε u1 = u ui+1 = uiu i ≥ 2
w ∈ X∗

w = uk =⇒ u = w k = 1,

abbaabbaabba = (abba)3 abaababa

u x x = uk u
k x

k|(|x|)



u v uv = vu
w " k

u = w! v = wk.

u v

w
w = u! w = vk u ,= v u v

|u| ≥ |v| w = u! = vk

i x u = vix x v

uv = vixv = vivx,

vx = xv
u v

u u

v v v

x

x

v
w

w u v i = 1 |u| < 2|v|

x y
u v x = uv y = vu

abbbabbbc abbbcabbb

abcd dabc cdab bcda

k n
pn(k)

n
x y



u x x = u! x
|x|
"

x

"n(k) k n

n"n(k) = pn(k)

kn =
∑

d|n

dld(k)

n X |X| = k

kn = |Xn| = | {um | u |u| = d, md = n} |

=
∑

d|n

| {u | u |u| = d} |

=
∑

d|n

d · ld(k).

pn(k) =
∑

d|n

µ
(n

d

)
kd

pn(k) = n"n(k) "n(k)

kn =
∑

d|n

dld(k).

(pn(k) =)n"n(k) =
∑

d|n

µ(d)k
n
d =

∑

d|n

µ
(n

d

)
kd.

n



(un)∞n=0

un+k = h(un+k−1, un+k−2, . . . , un),

(un)∞n=0

h C
n k

u0, u1, . . . , uk−1 (un)∞n=0

(un)
h

ui h ui

{
u0 = b0, u1 = b1, . . . , uk−1 = bk−1,

un+k = a1un+k−1 + a2un+k−2 + · · · + akun + f(n)
(n ≥ 0),

ai ∈ C 1 ≤ i ≤ k ak ,= 0 f : N → C
k

f(n) = 0 n g : N → C
un = g(n) n ∈ N

{
u0 = b0, u1 = b1, . . . , uk−1 = bk−1,

un = a1un−1 + a2un−2 + · · · + akun−k + f2(n)
(n ≥ k).

f2(n) = f(n − k)

an n
(an)

un+k = a1un+k−1 + a2un+k−2 + · · · + akun,

ak ,= 0



xk − a1x
k−1 − a2x

k−2 − · · · − ak−1x − ak = 0

r1, r2, . . . , rk(∈ C)
ak ,= 0

un = rn r ,= 0
r

rn

rn+k = a1r
n+k−1 + a2r

n+k−2 + · · · + akr
n,

n ≥ 0 r−n

rk − a1r
k−1 − a2r

k−2 − · · ·− ak = 0,

r

(un)∞n=0 = (rn)∞n=0

(un)∞n=0 (vn)∞n=0

(un)∞n=0 + (vn)∞n=0 = (un + vn)∞n=0

(un)∞n=0 − (vn)∞n=0 = (un − vn)∞n=0.

c ∈ C (un)∞n=0

c(un)∞n=0 = (cun)∞n=0.

(vn) (yn)
(vn) + (yn) (cvn) c ∈ C



r1, r2, . . . , rm

un = c1r
n
1 + c2r

n
2 + · · · + cmrn

m

xk − a1x
k−1 − a2x

k−2 − · · ·− ak = 0 un

xk − a1x
k−1 − a2x

k−2 − · · ·− ak = (x − r1)(x − r2) · · · (x − rk)

rk ∈ C

xk − a1x
k−1 − a2x

k−2 − · · · − ak = (x − r1)j1(x − r2)j2 · · · (x − rm)jm ,

ri ,= rj i ,= j ji ≥ 1 i j1 + j2 + · · · + jm = k
ri ji

r j
j ≥ 2 rn nrn n2rn, . . . , nj−1rn

un − a1un−1 − a2un−2 − · · ·− akun−k = 0.

xk − a1x
k−1 − a2x

k−2 − · · ·− ak = 0.

xn−k

x

nxn − a1(n − 1)xn−1 − a2(n − 2)xn−2 − · · · − ak(n − k)xn−k = 0.

r (j − 1)
vn = nrn

x vn = n2rn

n3rn, . . . , nj−1rn

r (j − 1)

(x − r)jp(x),

p(x) (k − j)
xn−k x

x(xn−k−1(x − r)jp(x) + jxn−k(x − r)j−1p(x) + xn−k(x − r)jp′(x))

= xn−k(x − r)j−1((x − r)p(x) + jxp(x) + x(x − r)p′(x)).

r (j − 1)



r1, r2, . . . , rm

ri ji 1 ≤ i ≤ m j1 + j2 + · · ·+ jm = k

un = c11r
n
1 + c12nrn

1 + · · · + c1j1n
j1−1rn

1 + · · · + cm1r
n
m + · · · + cmjmnjm−1rn

m

=
m∑

i=1

ji∑

!=1

ci!n
!−1rn

i .

m = k ji = 1 1 ≤ i ≤ k

un = c1r
n
1 + c2r

n
2 + · · · + ckr

n
k .

ci

u0 = b0, . . . , uk−1 = bk−1 ci






c1 +c2 + · · · + ck = b0

c1r1 +c2r2 + · · · + ckrk = b1

c1r
2
1 +c2r

2
2 + · · · + ckr

2
k = b2

c1r
k−1
1 +c2r

k−1
2 + · · · + ckr

k−1
k = bk−1

ci

Fi

{
F0 = 1, F1 = 1,
Fn+2 = Fn+1 + Fn

(n ≥ 0).

x2 − x − 1 = 0

r1,2 =
1 ±

√
5

2
.



Fn = a ·
(1 +

√
5

2

)n
+ b ·

(1 −
√

5
2

)n
.

a b





a +b = 1

a · 1 +
√

5
2

+b · 1 −
√

5
2

= 1

a =
1 +

√
5

2
√

5
b = −1 −

√
5

2
√

5

Fn =
1√
5

((1 +
√

5
2

)n+1
−
(1 −

√
5

2

)n+1)
.

u0 = 1 u1 = 0 u2 = 1 un+3 =
−2un+2 + un+1 + 2un n ≥ 0

un = 5un−1 − 6un−2 −
4un−3 + 8un−4

x4 − 5x3 + 6x2 + 4x − 8 = 0
−1 2 x4 − 5x3 + 6x2 + 4x − 8 = (x − 2)3(x + 1)

un = c12n + c2n2n + c3n
22n + c4(−1)n.

un = 2un−1 − un−2 u0 = 1 u1 = 2

un = 2un−1 − un−2 + 2un−3 u0 = 3
u1 = 2 u2 = 2

(un) u0 = c0 u1 = c1

un+2 = a1un+1 + a2un.

α β

x2 − a1x − a2 = 0.



(un)
α ,= β

un = aαn + bβn

n ≥ 0 a =
c1 − c0β

α − β
b =

c1 − c0α

β − α
α = β

un = (cn + d)αn

n ≥ 0 d = c0 c =
c1 − c0α

α

{
u0 = b0, u1 = b1, . . . , uk−1 = bk−1,

un+k = a1un+k−1 + a2un+k−2 + · · · + akun + f(n)
(n ≥ 0),

(un)∞n=0

un+k = a1un+k−1 + a2un+k−2 + · · · + akun.

(xn) (yn)
(xn − yn)

f(n)

f(n)

f(n) m m



an = an−1 + an−2 + 2n
f(n) = 2n p(n) =

bn + c p(n)

bn + c = (b(n − 1) + c) + (b(n − 2) + c) + 2n ⇐⇒ −bn + (3b − c) = 2n

b = −2 c = −6 p(n) =
−2n − 6

an = an−1 + 2an−2 − 4 a0 = 6 a1 = 7
p(n) = d f(n)

d = d + 2d − 4 ⇐⇒ d = 2,

p(n) = 2 an = an−1 + 2an−2

a′n = b(−1)n + c2n an = b(−1)n + c2n + 2.
b c

an = (−1)n + 3 · 2n + 2.

f(n)

f(n) = b · rn p(n) = c · rn r

r m vn = cnmrn

c ∈ C p(n) = cnmrn

un = un−1 + 6un−2 + 2n u0 = 0
u1 = 1

p(n) = c · 2n

x2 − x − 6 = 0 −2

un = a · (−2)n + b · 3n + c · 2n.

u2 = 5

un = 3n − 2n.

un = 4un−1 − 4un−2 + 2n u0 = 1
u1 = −1

un = 3un−1 − 4n + 3 · 2n u0 = 4

n



n× n
Cn×n

In =





1 0 0 . . . 0
0 1 0 . . . 0
. . . . . . . . . . . . . . . .
0 0 0 . . . 1





n×n

n

(
1 2 · · · n
j1 j2 · · · jn

)

(j1, j2, . . . , jn) α = (j1, j2, . . . , jn)

sign(j1, j2, . . . , jn) = (−1)t(α),

t(α) α jl > jk

l < k α
A = (aij) ∈ Cn×n

det(A) =

∣∣∣∣∣∣∣∣

a11 a12 . . . a1n

a21 a22 . . . a2n

. . . . . . . . . . . . . . . . . . .
an1 an2 . . . ann

∣∣∣∣∣∣∣∣

=
∑

(j1,j2,...,jn)∈Sn

sign(j1, j2, . . . , jn)a1j1a2j2 · · · anjn ,

A ∈ Cn×n A λ ∈ C
x ∈ Cn x ,= (0, . . . , 0)

AxT = λxT ,

xT x x

(A − λI)xT = 0T .

xT

det(A − λI) = 0.



A
A

cA(λ) λ

cA(λ) = (−1)n(λn + c1λ
n−1 + · · · + cn).

n A ∈ Cn×n ci ∈ C
z ∈ C A cA(z) = 0

p(x)
p(x) = c1x

k + c2x
k−1 + · · · + ck+1 A ∈ Cn×n

p(A) = c1A
k + c2A

k−1 + · · · + ck+1I.

A cA

cA(A) = 0,

0 = (0)n×n

A ∈ Ck×k u,v ∈ Ck (an)∞n=0

an = uAnvT , (n ≥ 0).

cA(λ) = (−1)k(λk + c1λ
k−1 + · · · + ck),

A

(cA(A) =)Ak + c1A
k−1 + · · · + ckI = 0.

uAn vT

an+k + c1an+k−1 + · · · + ckan = 0,

(an)∞n=0

k



(an)∞n=0

{
a0 = b0, a1 = b1, . . . , ak−1 = bk−1,

an+k = c1an+k−1 + c2an+k−2 + · · · + ckan
(n ≥ 0),

ck ,= 0 k × k A
u,v ∈ Ck

an = uAnvT

n ≥ 0

u = (1, 0, . . . , 0), A =





0 1 0 . 0
0 0 1 · · · 0

0 . . . . . . . . . . . . 1
ck . . . . . . . . . . . . c1




, v = (b0, b1, . . . , bk−1).

A
uAnvT = an n ≥ 0 A

det(A − λI) =

∣∣∣∣∣∣∣∣∣∣∣∣

−λ 1 0 · · · 0
0 −λ 1 · · · 0

0 −λ 1
ck . . . . . . . . . . . . . c1 − λ

∣∣∣∣∣∣∣∣∣∣∣∣

=
k∑

i=1

(−1)k−ick−i+1(−λ)i−1 + (−λ)k,

(1, . . . , i − 1, i + 1, . . . , k, i)
Aki = ck−i+1 (k − i)

(−1)k−i (−λ)k (1, 2, . . . , k)
(c1 − λ) −λ

det(A − λI) =
k∑

i=1

(−1)k−i+i−1ck−i+1λ
i−1 + (−1)kλk

= (−1)k
( k∑

i=1

(−1)ck−i+1λ
i−1 + λk

)

= (−1)k(λk − c1λ
k−1 − · · ·− ck).



uAnvT

uAnvT = bn 0 ≤ n ≤ k − 1
an = uAnvT n ≥ 0

a b c
a a b aaaaab

c bbbc
abc n

xn a n
yn b zn c

(xn+1, yn+1, zn+1) =




2 5 0
0 1 3
0 0 1



 (xn, yn, zn)T .

un = xn + yn + zn

un = (1, 1, 1)




2 5 0
0 1 3
0 0 1




n

(1, 1, 1)T .




2 5 0
0 1 3
0 0 1



 (−1)(λ3 − 4λ2 + 5λ− 2)

un

{
u0 = 3, u1 = 12, u2 = 42,
un+3 − 4un+2 + 5un+1 − 2un = 0

(n ≥ 0).

un = 21 · 2n − 12n − 18.

A ∈ Zn×n

k ≥ 1 (Ak)1n = 0



A

n ∈ N
S :=

{
2, 3, 4, . . . 6

√
n7
}

m ∈ S

m|n n S := S \ {m, 2m, . . . , }

S = ∅ n

m
3×3 M1,M2, . . . ,Mm

ij 1 ≤ ij ≤ m j

Mi1Mi2 · · ·Mik = 0?

ij

(Mi1Mi2 · · ·Mik)13 = 0,

n ≤ 5

A ∈
Zn×n k ≥ 1

(1, 0, 0)Ak(0, 0, 1)T = 0.



(ui)∞i=0

U(x) =
∞∑

i=0

uix
i.

uix
i ui x

u = 1,−1, 1,−1, 1, . . .

1 − x + x2 − x3 + x4 − · · ·
((

n

i

))∞

i=0

∞∑

i=0

(
n

i

)
xi =

n∑

i=0

(
n

i

)
xi = (1 + x)n.

(1 + x)n
(

n

k

)

n

∀z ∈ C, ∀k ∈ N \ {0} :
(

z

k

)
=

z(z − 1)(z − 2) · · · (z − k + 1)
k!

.

(
z

0

)
= 1 z ∈ C

(
−z

k

)
= (−1)k

(
z + k − 1

k

)
.



(1 + x)z =
∞∑

i=0

(
z

i

)
xi ( |x| < 1).

((
n + i − 1

i

))∞

i=0

n ∈ N

U(x) =
∞∑

i=0

(
n + i − 1

i

)
xi = (1 − x)−n =

1
(1 − x)n

.

1
1 − x

=
∞∑

i=0

xi = 1 + x + x2 + x3 + x4 + · · ·

1
1 + x

=
∞∑

i=0

(−1)ixi = 1 − x + x2 − x3 + x4 − + · · · ,

1 − xn+1

1 − x
= 1 + x + x2 + · · · + xn

1
(1 − cx)n

c ∈ C

|x| < 1

x ,= 1

U(x) =
∞∑

i=0

uix
i V (x) =

∞∑

i=0

vix
i

U(x) + V (x) =
∞∑

i=0

(ui + vi)xi

U(x) · V (x) =

( ∞∑

i=0

uix
i

)( ∞∑

i=0

vix
i

)

=
∞∑

k=0

(
k∑

i=0

uivk−i

)

xk.



(1 + x)n(1 + x)m = (1 + x)n+m

(1 + x)n(1 + x)m =
n∑

i=0

(
n

i

)
xi

m∑

i=0

(
m

i

)
xi =

m+n∑

k=0

(
k∑

i=0

(
n

i

)(
m

k − i

))

xk.

(1 + x)n(1 + x)m = (1 + x)n+m =
m+n∑

k=0

(
m + n

k

)
xk.

xk

( ∞∑

n=0

xn

)( ∞∑

n=0

2nxn

)

m
i Ai(x)

A1(x)A2(x) · · ·Am(x)

n k
xk n

k

(1+x) x0 = 1
x1 = x

n k

(1 + x)(1 + x) · · · (1 + x)︸ ︷︷ ︸
n

= (1 + x)n,

xi

i jk



k 2 ≤ jk ≤ 6 1 ≤
k ≤ 7 i

i

j1 + · · · + j7 = i.

x2 + x3 + x4 + x5 + x6,

(x2 + x3 + x4 + x5 + x6)7

xi = xj1xj2 · · · xj7 i
x25

(
6∑

i=2

xi

)7

= x14 · (1 + x + x2 + x3 + x4)7 = x14

(
1 − x5

1 − x

)7

= x14(1 − x5)7(1 − x)−7 = x14
7∑

i=0

(
7
i

)
(−x5)i

∞∑

j=0

(
7 + j − 1

j

)
xj

= x14
7∑

i=0

(
7
i

)
(−1)i(x5)i

∞∑

j=0

(
6 + j

j

)
xj

x25 i j

(−1)0
(

7
0

)(
6 + 11

11

)
+ (−1)1

(
7
1

)(
6 + 6

6

)
+ (−1)2

(
7
2

)(
6 + 1

1

)
= 6055.

x1 + x2 + x3 + x4 = 15
1 ≤ xi ≤ 5 1 ≤ i ≤ 4

m
i Ai(x)

A1(x) + A2(x) + · · · + Am(x)



C[[x]] =

{ ∞∑

i=0

aix
i | ∀i : ai ∈ C

}
.

C[[x]]

1 + 0x + 0x2 + · · · = 1

( ∞∑

i=0

aix
i

)−1

∈ C[[x]] a0 ,= 0

A(x) =
∞∑

i=0

aix
i U(x) =

∞∑

i=0

uix
i U(x) = A(x)−1

U(x)A(x) =
∞∑

k=0

(
k∑

i=0

aiuk−i

)
xk = 1






a0u0 = 1
a0u1 + a1u0 = 0
a0u2 + a1u1 + a2u0 = 0
· · · · · · · · · · · · · · · · · · · · · · · ·

a0 ,= 0

A(x) A(x)−1 =
1

A(x)

(1 − x)

1
1 − x

=
∞∑

i=0

xi = 1 + x + x2 + x3 + x4 + · · ·

f(x) (an)∞n=0

an =
f (n)(0)

n!
.



(
1
n!

)∞

n=0

ex = 1 + x +
x2

2!
+

x3

3!
+ · · ·

p(x)
g(x)

p(x) g(x) deg g(x) > deg p(x)
g(x)−1 ∈ C[[x]] α1, . . . ,αk g(x)
αi mi cij ∈ C

p(x)
g(x)

=
c11

(α1 − x)
+

c12

(α1 − x)2
+ · · · + c1m1

(α1 − x)m1

+
c21

(α2 − x)
+

c22

(α2 − x)2
+ · · · + c2m2

(α2 − x)m2
+ · · ·

+
ck1

(αk − x)
+

ck2

(αk − x)2
+ · · · + ckmk

(αk − x)mk

p(x)
g(x)

cij

g(x)−1

g(x) αi ,= 0 1 ≤ i ≤ k

1
1 − x2

1 − x2 = (1 − x)(1 + x)

1
1 − x2

=
a

1 − x
+

b

1 + x
.

(1 − x2) 1 = a(1 + x) +
b(1−x) = a+b+(a−b)x a b a+b = 1

a − b = 0 a = b =
1
2

1
1 − x2

=
1
2

1
1 − x

+
1
2

1
1 + x



1
(1 − cx)n

p(x)
g(x)

=
b11

(1 − α−1
1 x)

+
b12

(1 − α−1
1 x)2

+ · · · + b1m1

(1 − α−1
1 x)m1

+
b21

(1 − α−1
2 x)

+
b22

(1 − α−1
2 x)2

+ · · · + b2m2

(1 − α−1
2 x)m2

+ · · ·

+
bk1

(1 − α−1
k x)

+
bk2

(1 − α−1
k x)2

+ · · · + bkmk

(1 − α−1
k x)mk

,

bij ∈ C
x

1 − 5x + 6x2

1 − 5x + 6x2 = 6(x − 1
2
)(x − 1

3
)(= (1 − 2x)(1 − 3x))

x

1 − 5x + 6x2
=

a

1 − 2x
+

b

1 − 3x
.

1 − 5x + 6x2 x = a(1 −
3x) + b(1 − 2x) a + b = 0
−3a− 2b = 1 a = −1 b = 1

x

1 − 5x + 6x2
= − 1

1 − 2x
+

1
1 − 3x

= −
∞∑

i=0

(2x)i +
∞∑

i=0

(3x)i =
∞∑

i=0

(3i − 2i)xi

x

1 − 5x + 6x2
(3n − 2n)∞n=0

(an)∞n=0 f(x) (an+1)∞n=0

∞∑

n=0

an+1x
n =

1
x

∞∑

n=1

anxn =
f(x) − a0

x
.

(an+2)∞n=0

f(x)−a0

x − a1

x
=

f(x) − a0 − a1x

x2
.



f(x) (an)∞n=0 (an+k)∞n=0

f(x) − a0 − a1x − · · ·− ak−1xk−1

xk
.

f(x) Fn

Fn+2 = Fn+1 +Fn F0 = 1 F1 = 1
f

f(x) − x − 1
x2

=
f(x) − 1

x
+ f(x).

f(x)

f(x) =
1

1 − x − x2
.

(an)∞n=0 f(x) (nan)∞n=0

∞∑

n=0

nanxn = x
∞∑

n=1

nanxn−1 = xD

( ∞∑

n=0

anxn

)

= x(Df(x)) = xDf(x).

(xD)
x (nkan)∞n=0

(xD)(xD) · · · (xD)︸ ︷︷ ︸
k

f(x) = (xD)kf(x).

f(x) (an)∞n=0 p
(p(n)an)∞n=0

p(xD)f(x).

(3 − n2)∞n=0

(1)∞n=0 f(x) =
1

1 − x
(3 − n2)∞n=0

(3 − (xD)2)f(x) = (3 − (xD)2)
1

1 − x
=

3
1 − x

− (xD)
x

(1 − x)2

=
3

1 − x
− x

(
1

(1 − x)2
+

2x
(1 − x)3

)
=

3 − 7x + 2x2

(1 − x)3
.



∞∑

n=0

n2 + 4n + 5
n!

( 1
n!

)∞

n=0
ex

(
(n2 + 4n + 5)/n!

)∞

n=0

((xD)2 + 4(xD) + 5)ex = (x2 + 4x + 5)ex.

x = 1

∞∑

n=0

n2 + 4n + 5
n!

= 10e.

ex

x

f(x) (an)∞n=0 g(x)
(bn)∞n=0 f(x)g(x)

(
n∑

r=0

arbn−r

)∞

n=0

f(x) (an)∞n=0 (f(x))k

(
∑

n1+n2+···nk=n

an1an2 · · · ank

)∞

n=0

r(n, k)

x1 + x2 + · · · + xn = k

(1)∞n=0
1

1 − x
(r(n, k))∞n=0

1
(1 − x)n

=
∞∑

k=0

(
n + k − 1

k

)
xk.



f(x) (an)∞n=0

f(x)
1 − x

= (a0 + a1x + a2x
2 + · · · )(1 + x + x2 + · · · )

= a0 + (a0 + a1)x + (a0 + a1 + a2)x2 + (a0 + a1 + a2 + a3)x3 + · · ·

f(x) (an)∞n=0

f(x)
1 − x

(
n∑

i=0

ai

)∞

n=0

Hn =
n∑

i=1

1
i

(Hn)∞n=1

( 1
n

)∞

n=1

1
1 − x

( 1
n

)∞

n=1

∞∑

n=1

1
n

xn = g(x).

D(g(x)) =
1

1 − x
g(x) = − ln(1− x)

ln(1 + x)

∞∑

n=1

Hnxn =
1

1 − x
ln
( 1

1 − x

)
.

(un)∞n=0

(un)∞n=0

U(x)

U(x)



U(x)

un = un−1 + n u0 = 1

U(x) =
∞∑

n=0

unxn = 1 +
∞∑

n=1

(un−1 + n)xn = 1 +
∞∑

n=0

unxn+1 +
∞∑

n=0

nxn

= 1 + x
∞∑

n=0

unxn +
∞∑

n=0

(n + 1)xn+1 = 1 + xU(x) + x
∞∑

n=0

(n + 1)xn

= 1 + xU(x) + (xD)
1

1 − x
= 1 + xU(x) +

x

(1 − x)2

U(x) = 1 + xU(x) +
x

(1 − x)2
⇐⇒

U(x) =
1 + x(1 − x)−2

1 − x
=

1
1 − x

+
x

(1 − x)3
.

U(x) =
∞∑

n=0

xn + x
∞∑

n=0

(
n + 2

n

)
xn =

∞∑

n=0

(
1 +

(
n + 1
n − 1

))
xn

=
∞∑

n=0

(
1 +

n(n + 1)
2

)
xn

un = 1 +
n(n + 1)

2
=

1
2
(n2 + n + 2)

(un)∞n=0

{
u0 = b0, u1 = b1, . . . , uk−1 = bk−1,

un+k + a1un+k−1 + a2un+k−2 + · · · + akun = 0
(n ≥ 0),

ak ,= 0

(un)∞n=0

U(x) =
r(x)

1 + a1x + a2x2 + · · · + akxk
,

r(x) deg r(x) < k
r(x)



U(x) (un)∞n=0

(1 + a1x + a2x
2 + · · · + akx

k)U(x) = (1 + a1x + a2x
2 + · · · + akx

k)
∞∑

n=0

unxn

= u0 + (u1 + a1u0)x + · · · + (uk−1 + a1uk−2 + · · · + ak−1u0)xk−1

+
∞∑

n=0

(un+k + a1un+k−1 + a2un+k−2 + · · · + akun)xn+k

= u0 + (u1 + a1u0)x + · · · + (uk−1 + a1uk−2 + · · · + ak−1u0)xk−1 = r(x).

r(x)

xk + a1x
k−1 + · · · + ak = 0.

r1, r2, . . . , rm

xk + a1x
k−1 + · · · + ak = (x − r1)j1(x − r2)j2 · · · (x − rm)jm .

x−k

1 + a1x
−1 + · · · + x−kak = (1 − r1

x
)j1(1 − r2

x
)j2 · · · (1 − rm

x
)jm .

x :=
1
x

1 + a1x
1 + · · · + xkak = (1 − r1x)j1(1 − r2x)j2 · · · (1 − rmx)jm .

U(x) =
r(x)

(1 − r1x)j1(1 − r2x)j2 · · · (1 − rmx)jm
.

r1, r2, . . . , rm

ri ji 1 ≤ i ≤ m

un = p1(n)rn
1 + p2(n)rn

2 + · · · + pm(n)rn
m,

pi(n) ji − 1



un

γit

U(x) =
m∑

i=1

ji∑

t=1

γit

(1 − rix)t

=
∞∑

n=0

(
m∑

i=1

ji∑

t=1

γit

(
n + t − 1

n

)
rn
i

)

xn.

un = p1(n)rn
1 + p2(n)rn

2 + · · · + pm(n)rn
m,

pi(n) =
ji∑

t=1

γit

(
n + t − 1

n

)

n ji − 1

f(n)

f(n) n
f(n)

n = 3

((())), (()()), (())(), ()()(), ()(()).

f(3) = 5 f(0) = 1
f(n) w

n |w| = 2n
n k k

w 2k k
k

k w
k = n g(n) n

k ≥ 1

g(k) = f(k − 1).



(k − 1) k

k
(k−1)

n k
k

(n − k)

g(k)f(n − k) = f(k − 1)f(n − k).

f(n)
k

f(n) =
n∑

k=1

f(k−1)f(n−k) = f(0)f(n−1)+f(1)f(n−2)+· · ·+f(n−1)f(0).

F (x) (f(n))∞n=0

F (x) = 1 +
∞∑

n=1

n∑

k=1

f(k − 1)f(n − k)xn = 1 +
∞∑

n=1

n−1∑

k=0

f(k)f((n − 1) − k)xn

= 1 + x
∞∑

n=1

n−1∑

k=0

f(k)f((n − 1) − k)xn−1 = 1 + xF (x)2.

xF (x)2 − F (x) + 1 = 0,

F (x)

F (x) =
1 ±

√
1 − 4x

2x
.

2x
(g(n))∞n=0 G(x)

G(x) = xF (x) g(0) = 0 x
xF (x) = G(x)

G(x)2 − G(x) + x = 0.

(g(n))

G(x) =
1 ±

√
1 − 4x
2

.



+ −

G(x) =
1
2
(1 ± (1 − 4x)

1
2 ) =

1
2

(
1 ±

∞∑

n=0

(−1)n
(1

2

n

)
(4x)n

)

=
1
2

(

1 ± 1 ±
∞∑

n=1

− 1
n22n−1

(
2n − 2
n − 1

)
22nxn

)

,

g(0) = 0 −

G(x) = −1
2

∞∑

n=1

− 1
n22n−1

(
2n − 2
n − 1

)
22nxn

)

,

=
∞∑

n=1

1
n

(
2n − 2
n − 1

)
xn.

F (x) =
∞∑

n=0

1
n + 1

(
2n
n

)
xn,

f(n) =
1

n + 1

(
2n
n

)
.

g(n) = f(n − 1) =
1
n

(
2n − 2
n − 1

)
.

xy
Y : (x, y) → (x+1, y +1) A : (x, y) → (x+1, y−1)

(0, 0) (2n, 0)
x

x

(un)∞n=0

E(x) =
∞∑

n=0

un
xn

n!
.



(1)∞n=0

ex = 1 + x +
x2

2!
+

x3

3!
+ · · · .

1
1 − x

(n!)∞n=0

1
1 − x

=
∞∑

n=0

xn =
∞∑

n=0

n!
n!

xn.

Sn α

| {i | α(i) = i, 1 ≤ i ≤ n} | = k,

k α
n − k

(n−k) k(
n

k

)

n! =
n∑

k=0

(
n

k

)
Dn−k (n ≥ 0).

1
1 − x

D(x) (Dn)∞n=0

∞∑

n=0

((
n∑

k=0

(
n

k

)
Dn−k

)
/n!

)
xn =

∞∑

n=0

((
n∑

k=0

n!
k!(n − k)!

Dn−k

)
/n!

)
xn

=
∞∑

n=0

(
n∑

k=0

1
k!

Dn−k

(n − k)!

)

xn =
∞∑

n=0

1
n!

xn
∞∑

i=0

Di

i!
xi = exD(x).

1
1 − x

= exD(x),



D(x)

D(x) =
e−x

1 − x
=

∞∑

n=0

(−1)n
1
n!

xn
∞∑

i=0

xi =
∞∑

n=0

(
n∑

k=0

(−1)k
1
k!

)
xn.

xn

Dn

n!
=

n∑

k=0

(−1)k
1
k!

,

Dn = n!

(
n∑

k=0

(−1)k

k!

)

.


