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Exercises: Some Solutions (October 3, 2012)

These exercises are supposed to be warm-up exercises—to get rid of the
possible rust in the reader’s matrix engine.
0.1 (Contingency table, 2 x 2). Consider three frequency tables (contingency
tables) below. In each table the row variable is x.

(a) Write up the original data matrices and calculate the correlation
coefficients rgy, 72, and 7z,.

(b) What happens if the location (cell) of the zero frequency changes
while other frequencies remain mutually equal?

(c) Explain why ry, = 74, even if the u-values 2 and 5 are replaced with
arbitrary a and b such that a < b.

y z U
01 01 2 5
0(1 1 012 2 01 1
T 1lo 1 10 2 110 1
e SoLuTION TO EX. [01} ‘
00
00 8(1) 0 2
A=(x:y)=10 1), B=(x:2)= , C=(x:u)=10 5
11 01 5 5
11
11

In all cases the correlation coefficient is 0.5. Recall that
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NOTE: In A the variables z and y have the same variances, in which case
the correlation coefficient and the slope 1 are identical:

A SP, s s
_ y _ Szy _ Yy _ : _
= = =Tpy— = Tay, if 5, =5y

SS. s2 7 s,

If the cell of the zero-frequency changes, then |rg,| remains the same but
the sign may change. In the following cases r;, = —0.5:

) )

1
1
0

el k=]

1
1
1

_ oo

€T €T

1 1

(¢) We try to find to find real numbers « and 8 which have the property
u; =a+ Py, =1,2,3, ie.,

a=a+p-0, b=a+p1 = a=a, f=b—a = u;=a+ (b—a)y.

Because the u-values are obtained by a linear transformation u; = a+(b—a)y;,
where b — a > 0, we necessarily have 75, = 74y.
If the transformation were u; = ¢ + dy;, where d < 0, then rg,, = —rgy,. O

0.2. Prove the following results concerning two dichotomous variables whose
observed frequency table is given below.

1 v n 1 é
an) = 5= () e
covs(z, y) = 1 ad—bc cors(z )_ad—bc_r 0 1]tota
s\, Y _nfl n ) s\, Y _\/W_ ) x 0 a b e
9 1 c d| B
5> n(ad — bc) 2 o 5
=7 —nr-.
X apre otal | v n

e SoLuTION TO EX. [02) ‘

A
I

varg(y) = nil (iyf _7@2) = ﬁ (6_71%2)

:nila(l_%)
:nrjl%( _%):nﬁlg’

covs(z,y) = ( xiyi—nfﬂ) :ni(d—n——>
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__n (é _5 é)
S n—1\n nn
In view of
d p 6 1
1
= [(a+b+c+d)d— (cb+cd+db+ d?)]
1
= ﬁ(ad — be),
we get
cove(z, y) = n ad—bc
Vs ,y - n— 1 n2
1 ad—bc
T n—-1 n
NoOTE: According to (0.131]) and (0.133)), we can consider a data matrix
U = (ug) : ... : u,)) and define a discrete random vector u, with proba-
bility function
P(u*:u(i)):%, i1=1,...,n,

i.e., every data point has the same probability to be the value of the random
vector u,. Then

E(u,) =1, cov(u,)=21UCU-="2-18.

Below in Exercise [0.3] the considerations are done for a 2-dimensional ran-
dom vector which is obtained from the frequency table above so that each
observation has the same probability 1/n. O

0.3. Let z = (§) be a discrete 2-dimensional random vector which is ob-
tained from the frequency table in Exercise [0.2] so that each observation
has the same probability 1/n. Prove that then

1) § ) ad — bc ad — bc
E(y) = ﬁ? Var(y) = ﬁ(l_ﬁ)a COV(iE,y) = 77 Cor(xvy) = \/OW

‘o SoruTioN To Ex. [0L3k ‘

Ba) == S04 D120y =

var(z) = 02 = B(a?) — pi2
:202+élz_£j:§(1_é) _ba
n n n n n nn
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var(y) = é(l_é) _29_ 1(1_1),

n

COV(x, y) = Ogy = E(xy) — Mz by

a_B8¢
n non
1
=3 [nd — (c+d)(b+ d)]
1
= E[(a+b+c+d)d— (cb 4 cd + db + d?)]
1
= (ad — be) .
O
0.4 (Continued ...). Show that in terms of the probabilities:
Y
var(y) = papz, 0 1 |total
cov(x,y) = P11P22 — P12P21, 0 P11 pia| pu
cor(z,y) = Puba — Puabar _ Oy - T D21 P22| D2
7 v/ P-1P-2P1-P2. Y :
total | p.1  po 1

e SOLUTION TO EX. [ ]
All probabilities are obtained from the table of Exercise [0.2] by dividing
each figure by n. Hence

I5) 1)
E(x):E:p27 (y)zﬁsza
_B By _a A
var(x)fﬁ(1*ﬁ>—E(lfﬁ)*]?l-m-,
_9 ON _ (1)
var(y) = E(l B ﬁ) o n(l B n) = Pab2,
d p 0
cov(x7y)zﬁ—ﬁ~ﬁ
= P22 —P2.p-2
ad — be

= P11P22 — P12pP21 -
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0.5 (Continued ...). Confirm:

b
0ny =0 & det (P11 P12} — ey (¢ Yool _p2 o b
P21 P22 c d P21 D22 c d

0.6 (Continued ...). Show, using (0.85) (p.[L9), that the dichotomous ran-
dom variables z and y are statistically independent if and only if 0., = 0.
By the way, for interesting comments on 2 x 2 tables, see [Speed| (2008b)).

e SoLUTION TO EX. [0.6k \

The random variables z and y are statistically independent if and only if
Plx=i,y=4)=Plxa=0)Ply=yj) foralli=0,1,5=0,1, (%)

i.e.,
pij =pi.p; foralli=1,2,7=1,2. (1)

while 2 and y are uncorrelated if and only if cov(x,y) = pas —pa2.p.2 =0, i.e.,

P22 = P2.p-2 - (2)

Suppose that (2) holds, i.e., z and y are uncorrelated. Then (2) implies that
(1) holds for ¢ = j = 2. Moreover, (2) implies

P21 = p2. — P22 = P2. — P2.p2 = p2.(1 —p2) = pa.pa,

P12 = P2 — P22 = P2 — P2.p2 = p2(l — p2.) = papr.,

p11=p1. —pi2 = p1. —p1p2 =p1.(1 —p2) =pr.p1.
Thus we have shown that (2) implies (1). Recall that statistical independence
implies that E(zy) = E(z)E(y) = pepy and hence cov(z,y) = E(zy) —
Kby = 0. U

0.7 (Continued, in a way ...). Consider dichotomous variables x and y whose
values are A1, As and By, Bs, respectively, and suppose we have n obser-
vations from these variables. Let us define new variables in the following
way:

x1 = 1 if z has value Ay, and z1; = 0 otherwise,

r9 = 1 if x has value A,, and x5 = 0 otherwise,

and let y; and ys be defined in the corresponding way with respect to the
values B; and Bs. Denote the observed n x 4 data matrix as U = (x; :
X :y1:y2) = (X :Y). We are interested in the statistical dependence
of the variables = and y and hence we prepare the following frequency
table (contingency table):
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Yy
B By | total
A | fun fi2 1
Az | far fa2 T2
total | ¢1  co n

T

Let e;; denote the expected frequency (for the usual y?-statistic for test-
ing the independence) of the cell (7, ) and

e — ,,’ E:(el:e2)7 F—(§;1 ;;z)—(fltfz),

and ¢ = (E; ), r= (:; ) We may assume that all elements of ¢ and r are

nonzero. Confirm the following:

(a) corg(xy,x2) = —1, rank(X :Y) <3, rank[corq(X:Y)] <2,
) X'1,=r,Y'1l, =c, XX =diag(r)=D,, Y'Y = diag(c) = D,
(¢) X'Y =F, E=rc'/n=X1,1,Y/n=X'TY.
) The columns of XY (YY) ™! represent the conditional relative fre-
quencies (distributions) of x.
() F—E = X'CY, where C is the centering matrix, and hence = (F —
E) is the sample (cross)covariance matrix between the z- and y-
variables.

le SoLuTION TO EX. [

(a) Suppose that the observations are arranged so that

10
— . — 1o _ 17”1 0 nx2
X—(Xl.Xg)— 01 —(0 17«2>€R .
01
Then obviously corq(xi,x2) = —1 and similarly corq(yi,y2) = —1.

Moreover,
k(X :Y) =rk(X) + 1k(Y) —dim&(X)NE(Y) <2+2-1=3,

because X15 = 1,, = Y15 and hence dim @ (X) N €(Y) > 1.

Denote corgq(xi,y1) = a. Then, in view of yo» = —y; + 1, we have
corg(x1,y2) = —a, and in view of 9 = —x1 + 1, we have corq(xa,y1) =
—a, and similarly corq(x2,y2) = a, and so we can conclude that
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1 -1 a —a
-1 1 —a a
corg(X:Y)] = 0 —a 1 -1 |7 R,

—a a —1 1
1 a
-1 —a

rank(R) = rank a0 1 <2

—a —1

1/ O/ T1 C1
/ _ T — — / — —
(b) X'1,, = <0/1 1,TZ> 1, = <r2> =r, Y1”_<02 =c,

X'X = (78 79) = diag(r) =D;, Y'Y =diag(c) =D, ,
2

(c) frequency table: X'Y =F,
theoretical frequencies: E =rc’/n=X'1,1Y/n=X'JY.

(d) The columns of

/ -1 -1 (fu/a fiz/e L _ n.
XYXYY) " =FD," = <f21/61 f22/62> , where ¢; = #(y = B;),

represent the conditional relative frequencies (distributions) of x.
(e) F—E = X'CY, where C is the centering matrix, and hence —(F — E)
is the sample (cross)covariance matrix between the z- and y-variables.

O

0.8 (Continued .. .).
(a) Show that X'CY, X'CX, and Y'CY are double-centered; A, is
said to be double-centered if A1, = 0,, and A’'l,, = 0,.
(b) Prove that 1,, € €(X)N%(Y) and that it is possible that dim &' (X)N
?(Y)> 1.
(c) Show, using the rule rk(CY) = rk(Y) — dim%(Y) N €(C)*, see
Theorem [5] (p. [[45)), that

k(Y'CY) =1k(CY)=c—1 and rk(X'CX)=r1k(CX)=r-1,

where ¢ and r refer to the number of categories of y and z, respec-

tively; see Exercise|19.12[(p.|435) In this situation of course ¢ = r = 2.
(d) Confirm that (YY)~ is a generalized inverse of Y'CY, i.e.,

Y CY (YY) ' YCY=YCY,
(De — frec’) D' - (De — fec’) =De — fec’.
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See also part (b) of Exercise (p. p6), Exercise (p. [145)), and
Exercise [19.12] (p. [435)).

‘o SorLuTioN To Ex. [IL8 ‘

(a) 1,X’'CY1, = 1,C1, =

(b) X1, =1, =Y1l, = 1, € €(X)N%(Y) and hence dim % (X) N
% (Y) > 1. For example, if X =Y, then dim & (X)N¥(Y) =2 > 1.

(¢) 1k(Y'CY) = rk[(CY)'CY] = rk(Y'C) = rk(Y) —dim € (Y) N € (1,)
=1k(Y)-1=c—1.
(d) Because

(De — Led) D' (De — Led!) = (I, - %cc’Dfl)(D - Led)
:Dc—%cc’ cc + 2ch
and

c’Dc_lc = (c1,...,cc)diag(1/cy,...,1/cc)(c1,. .. ,c) =c1+...4cc=mn,

the claim follows. O

0.9 (Continued ... ).
(a) What is the interpretation of the matrix

G= \/ﬁ(Xfx)—1/2X/CY(Y/Y)—1/2 = \/ﬁDr—l/Q(F _ E)D;l/z 2

‘o SOLUTION TO (a): ‘

G =vn(X'X)"V2X'CY(Y'Y) V2 = /nD;Y?(F - E)D;/?

=7

= /n diag( 17_17...,})Zd1ag(\/1a, )

Aot -{E - 5}

(b) Convince yourself that the matrix

G, =D;Y?(F - E)D_'/?

remains invariant if instead of frequencies we consider proportions
so that the matrix F is replaced with %F and the matrices E, D,
and D, are calculated accordingly.
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(c) Show that the y2-statistic for testing the independence of x and y
can be written as

T C 2
ij — €ij
=33 (fjeij) = |G| = tr(G'G) = ntr(PxCPyC).
ij

i=1 j=1

See also Exercise [19.13]

‘- SOLUTION TO (c): ‘

IG|% = tr(GG")
=n tr[(X'X)"V2X/'CY (YY) V2 (YY) V/2Y' CX(X/X) 12
=n tr[(X'X)'X'CY(Y'Y) 'Y CX]
=n tr[X(X'X)'X'CY(Y'Y)'Y'C] = ntr(PxCPyC). O
(d) Show that the contribution of the ith column of F on the x2, x*(f;),
say, can be expressed as (a kind of squared Mahalanobis distance)
X(f) = (fi—e) D (f; —ey),

where

. N _ (e 0\ rlci/n 0 = ¢ 7“1/1’L 0
D = diag(e;) ( 0 61‘2) = ( 0 T2Ci/n) =¢ < 0 7"2/n> .

0.10 (Multinomial distribution). Consider the random vectors (for simplic-
ity only three-dimensional)

211 Z1m
z1= |21, -Zm=\|%22m|, X=2Z1+ -+ 2Zn,
231 23m

where z; are identically and independently distributed random vectors
so that each z; is defined so that only one element gets value 1 the rest
being 0. Let P(z;1 = 1) = p1, P(zi2 = 1) = po, and P(z;3 = 1) = p3 for
t=1,...,m; p1 +p2 +p3 =1, each p; > 0, and denote p = (p1,p2,p3)’.
Show that

E(z;) = (p1,p2.p3) =p, E(x)=mp,

and
p1(l=p1)  —pip2 —p1p3 pr 0 0
cov(z;) = —popr p2(l—p2)  —pops3 =0 po 0| —pp
—p3p1 —p3p2 p3(1—p3) 0 0 p3

=Dp—pp' =%, cov(x)=mX.
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Then x follows a multinomial distribution with parameters m and p:
x ~ Mult(m, p).

0.11 (Continued ...). Confirm:

(a)
(b)

()

3 is double-centered (row and column sums are zero), singular and
has rank 2.

ID'Z =3 e, D;l is a generalized inverse of X. Confirm that

D, Ipdoes not necessarily satisfy any other Moore—Penrose condi-

tions. See also Exercises (p.-p3) and (p- .

We can think (confirm . ..) that the columns (or rows if we wish) of a
contingency table are realizations of a multinomial random variable.
Let x; and xg represent two columns (two observations) from such a
random variable and assume that instead of the frequencies we con-
sider proportions y; = x;/c¢; and y2 = x2/ca. Then x; ~ Mult(c;, p)
and cov(y;) = C%_E, where ¥ = D, — pp/, and the squared Ma-
halanobis distance, say M, between the vectors x; and x5 can be
defined as follows:

M= 6102(01 + 02)_1(X1 - Xg)/z_(xl — Xg)
= crea(er +e) T H(xg — XQ)/DI;l(Xl —X3).

Neudecker| (1997)), [Puntanen, Styan & Subak-Sharpe| (1998),
Greenacre| (2007, p. 270).

0.12. Let P, x, be an idempotent matrix. Show that

¢(P)NEI, —P)={0} and %(I,-P)=4(P).

‘o SoruTioN TO EX. [0L12F ‘

(a)

ue¢P)N¥I-P) = Ja,B:

u=Pa=(1I-P)gs.

Premultiplying the above equation by P yields

Pu=P’a=P(I-P)3=(P-P?)B=0, because P>=P.

Hence also P?2a =0, i.e., PPa=Pa=u=0.

(b) Let’s first show that ¥(I-P) C A (P). Nowu e ¢(I-P) = Ja:

u=(I-Pa. (*)

Premultiplying () by P:

Pu=P(I-Pla=(P-P)a=0 = uc ¥ (P),
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and thereby € (I — P) C A (P). It remains to show that A4 (P) C €(I1—-P):

ue #/(P) = Pu=0 = u—Pu=u
= (I-Plu=u = uec%I-P)

O
0.13. Confirm: A> B and B> C — A> C.
| SoLuTION TO EX. I3} |
A>BandB> C = A-B=KK/,B-C=LL
— A=KK'+B,C=-LL'+B
— A-C=KK' +LL > 0.
d

0.14. Suppose that x and y are p-dimensional random vectors. Confirm:
(a) cov(x +y) = cov(x)+ cov(y) <= cov(x,y) = —cov(y,X);
if A=—A’, A is said to be skew-symmetric.
(b) cov(x —y) = cov(x) — cov(y) <= cov(x,y) + cov(y,x) = 2cov(y).

‘o SoruTioN TO EX. [0.14} ‘

(a) cov(x +y) = cov(x)+ cov(y) + cov(x,y) + cov(y, x) = cov(x) + cov(y)
—
cov(x,y) = —cov(y,x) <= Xyxy = -2,

(b) cov(x —y) = cov(x) + cov(y) — cov(x,y) — cov(y,x) = cov(x) — cov(y)
—
— cov(y) = cov(y) — cov(x, ) — cov(y, x)
e
cov(x,y) + cov(y,x) = 2cov(y).
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0.24. Consider the set of numbers A = {1,2,..., N} and let x1,z2,...,2p
denote a random sample selected without a replacement from A. Denote
Yy=x1+x2+ - +x,= léjx. Confirm the following;:

(a) Var(mi):%, cor(xl,xj) N—:g, i,j=1,...,p,
(b) cor®(z1,y) = cor® (1,21 + -+ xp) = %4_(1—%)@

See also Section 10.6 (p. 234).

\o SoLUTION TO EX. [0.24) \

Clearly each z; follows a discrete uniform distribution, Unif(1,..., N), so
that 1 N+1
E i) = — 1 2 N N)= — = ,
(0)= 5 (1244 N)= 2L =y

and the variance is

N

var(z;) = % Z( ZZ — 2 N22_ ! =02

=1

where we have used the fact

ZN:Z,Q _ NN+ DEN+1)

6

We will next show that

( ) 1 N?2-1 1, N+l

cov(w;,x;) = — = — o2 =
v N-—-1 12 N -1 12
12
N1 1 L

cor(mi,a;) = XL ==, i)
For convenience, let 21, 22,..., %, denote a random sample selected with a
replacement from {1,2,..., N}. Because z and z; (i # j) are uncorrelated

we trivially have

1 L& 1
cov(z, 2j) = el ZZ (k= py)(l — py) := FSPZI.Z]. =0.

k=1¢=1
In view of
N N 1
cov(wi, x;) = ZZ (k= py) (€ = py) = mspwm )
k=1 =1
ke

we get
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N
N? -1
SPL.I].:SPZiZj—;(k—uyf:O—NoQ:—N TR
( ) 1 N?Z -1 N+1
cov(x;,xj) = — = -
v N(N —-1) 12 12 7
(N +1)/12 1
cor(z;, x;) = NE-112° N-1 =0.
Ify=x1+4-+2z, =1x, then
2
5 o _covi(z1,y)
cor”(z1,y) = cor*(x1, 21 + -+ + 1) = var(r) var(y)
Now
N?—1
var(xz;) = 13 =02, i=1,...,p,
var(y) = var(1'x) = 1’ cov(x)1 = 1'¥1,
where
Lo ...o
o 1 ...
cov(x) =S =0%|. . . .| R
o o ... 1
Oij _ Oij 2
hTj) = 0= =Y = gy =0%.
cor(xi,xzj) =0 oy~ o2 gi; =0°0
Hence
var(y) = 1’31 = po?[1 + (p — 1)g] .
Moreover,

cov(z1,y) = cov(zy,x1 + - + Tp)
= cov(x1,21) + cov(zr, x2) + - - - + cov(zy, zp)

=CT2—|—0'12+"'+O'1p

=o’[l+(p—1)d,

and thereby

a1+ (p—1)p)]?
corz(xl,y): - [ - (p )o)]

0?2 -po?[l+(p—1)g

1 p-—1

=—+—0

P P
1 1
P

+ (1—5)9.
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O

0.25 (Hotelling’s T?). Let U} and U} be independent random samples from
N, (p1,3) and Np(pe,3), respectively. Denote T; = U;(I,, — J,,)U;,
and S, = %(Tl + T3), where f = ny + ny — 2. Confirm that

T? = M2 () — §i,)'S; (A — Gp) ~ T?(p,ma +12—2),  (a)

ni+ngz

where T?(a, b) refers to the Hotelling’s 72 distribution; see (0.128) (p. .
It can be shown that if g1 = po, then

%CZQNF(PWH'F”Q—]?—U. (b)

NoTICE: In (a) we should actually assume that gy = po.

e SoLUTION TO Ex. 025k ‘
Recall the Wishart distribution and Hotelling’s T2 distribution:

e Let U = (ug) : ... : up)) be a random sample from N,(0,%), i.e.,
ug;y’s are independent and each ug) ~ N, (0, ). Then W = U'U =
Sy u(i)uzi) is said to a have a Wishart distribution with n degrees of
freedom and scale matrix 3, and we write W ~ W (n, X).

e Let U’ be a random sample from N, (p, ). Then @ = U1, and T =
U’(I - J)U are independent and T ~ Wp(n —1,%).

e Suppose v ~ N,(0, ), W ~ W,(m, %), vand W are independent, and
that Eﬂ is positive definite. Hotelling’s T2 distribution is the distribution
of

T? =m -vVW v = V/(%W)_IV, (c)

and is denoted as T2 ~ T?(p, m).

In the situation of Ex. Ti ~ Wp(n1 —1,%) and Ty ~ Wy(ne —1, %)
and Ty and Ty are independent. Hence it is easy to conclude (at least easy
to believe ...) that their sum has property

T1 +T2pr(n1 —|—7’l2—2,2)

Suppose that gy = po. Then the difference u; — u; obviously has the distri-
bution
) — Ty ~ Ny(0, ;-2 + - %) = N, (0, 22 33

' ny 7 ming

e () - ) ~ N, (0, ).

6 In the Tricks Book here is erroneously W.

and thereby
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Substituting
V= ),
W:T1+T2, m:n1+n2—2,
into (c¢) yields (a).

For further details concerning the testing of hypothesis 11 = o, see pages
233-234. O

0.26 (Continued ...). Show that if n; = 1, then the Hotelling’s 72 becomes

T? = 2220 (uy — U)'S; ' (u(y) — Giz) .

e SoLUTION TO EX. [0.26) \

Now we have only one observation u(;) from population 1 and ny obser-
vations from population 2 and

_ 1
Sp= 17T,

Hotelling’s T2 becomes

T? = (T — 1)'S7 (1 — )
= () — 2)'S; M (ugyy — @ia) ~ T?(p,mp — 1).
If gy = po, then

Hno—p—1 2
%T NF(p7n1+n2_p_1)7

which in this case becomes

(:22:1p)p T2 ~ F(pa ng — p) )

n2(n2—p)

nZ-T)p (ugy — 1_12)/32_1(11(1) —t2) ~ F(p,n2 —p). (a)

NoTick: We can denote
(ugy — 82)'S5 ! (ugyy — fiz) = MHLN?(u(y), G2, S2) - (b)

Above 13 and S, are being calculated from the sample Uy while the single
observation u(;) does not belong to this sample. The resulting Mahalanobis
distance in (b) differs from the “usual” Mahalanobis distance (squared)

(ug) — 0)'S™ (ug — @) = MHLN?(u,), @, S), (c)
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where u(;) is one observation in the data matrix U, 8 = covq(U), and @ =
U'l,/n.

PROBLEM: Try to compare (b) and (c).
e e Ifn; =1 and also p =1, then (a) becomes

ny  (ur — u2)?

ng + 1 3

’I’LQ(TLQ — 1)
ni—1

(u1 - ﬂg)sgz(ul — az) = ~ F(l,n2 — 1) s

where @5 and s2 are calculated from the “second” sample. A clearer notation
can be obtained from Exercise (p- 186) which expresses the square root
of the above test statistics as

t— Yn = Y(n) _ |n— 1 Yn — Y
sm/\/1 =% e

_ yn_g ] n yn_g

_S(m\/l—%_ nolose

where 7, is the mean of y1,...,y,—1 and s(,) their standard deviation; ¥ is
the mean of all y;’s. This t-test statistic is the externally Studentized residual.

ee If p = 1 then, using the notation of Exercise (p. 187), Hotelling’s T2
becomes

T? = (@) — 1ip)'S; (W — Gip)
SS1+SS2

—1
__ _nmin ~ ~ — = 2
—71114—32'(3/1—92)'(7“_’_”2_2) (1 —92) ~ T (L,n + 0o — 2),

and the Hotelling’s T2 is precisely the F-test statistics for the hypothesis
M1 = p2:

T°=F

Ly (S

Titne TR -2 Y1 — Yo

L @mew m@ 9P )
eSS (1, 1 55155,
ny+ng—2\n1  ne ny+ng — 2

(i —)? o,

—mNF(l’”1+n2_2)—t(n1+n2—2),

n—2 ning

ee If U’ is a random sample from N,(u, X), then
e Hotelling’s T?: T2 = n(i — po)'S™ (@ — po) = n- MHLN? (1, po, S),
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oty T2 ~F(p,n—p,0), 0=n(p—po) T (b~ po).
e Hypothesis p = pp is rejected at risk level a, if
n(ﬁ - /J’())/S_l(ﬁ - H(]) > p(:i:;)Fa;p,nfp .

e A 100(1 — @)% confidence region for the mean of the N,(p,X) is the
ellipsoid determined by all g such that

n(ti—p)S™Hu—p) < p(::pl)FOé:Pm—p :




	solutions-main.pdf

